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Abstract

The covariant derivation of the electromagnetic boundary conditions seems not to have
been given. It is presented here, for general electromagnetic sources and distributions of
matter which are independent of time. Thus the boundary conditions are suitable for
use in stationary solutions in General Relativity.

1. Geometrical Preliminaries

In V,, the manifold of space-time, select a vector ¢, not null. Select a
finite part, V5 say, of the hypersurface orthogonal to ¢,,, and call the surface
of V3, V,. The V; and V, must be chosen as continuous piecewise diffeo-
morphic images of B> and S$?, the closed unit Euclidean ball of three
dimensions and its surface, respectively. Let V, have a normal », in the
hypersurface orthogonal to ¢,, so that 7, n* = 0. By suitable choice of V;
and V3, n, is to be made not null anywhere on V;; in particular, n, may
make discontinuous changes from space-like to time-like and back. In
the closed V), select a closed ¥, an image as above of §!, the unit circle,
with a tangent L. ¥/, must be chosen such that L, is not null, but L, may
change discontinuously from space-like to time-like and back. Let W,
be any open two surface, an image as above of E2, the open unit disc,
such that W, N V; =V, and that W, has a non-null normal N, in V3.
N, must be either time-like or space-like all over W,, and must not change
from one to the other. N, is to lie in V3; thus N, r# = 0. All these vectors
are units. W, (respectively V) divides ¥, (V) into two regions, E and 7
(€ and #) say. The letters E, 1, &, #, W,, are used to denote functions
defined in that region (see Fig. 1).

These regions may be regarded as successive embeddings. Use x*, x*4, x¢
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Figure 1..—({) a V3 in V,, (i) a V5.

(=1,2,3,4; A=1,2,3; a=1, 2) to denote coordinates in general ¥,
V3, Vs, respectively. Then for example

E={x*:x* =Ef°‘(x“)}
&={x* x*= §“(x“)}
In particular, W, is regarded as being embedded in either E or I:
W, ={x4: x4= éz"(x”)}
= {xfe ot = A}

Correspondingly, a scalar ¢(x*), defined in a region of ¥, which includes
for example E, has successively induced values

¢ = et =L 04)
¢ = P(x* = g*(x")
& E &
and similarly for J. A scalar ¢ induces ($),y, on W,:
E E
(D, = d(x* = h{(x")
E E E
and similarly for I. Define [¢] as
Bl=(Dw, ~ (DIw,
E I
Induced scalars are assumed to be the continuously attained limits of the

inducing scalars. In Section 2, it is assumed that the scalars in the integrands
are the induced scalars in the appropriate region.
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Define two limiting processes, Lim and Lim, such that for example
under Lim, B !
* E -0, n

E

u'_>Np5 éa"}'WZa ?-}((Ié)Wz

Lim is similar except that under Lim n, ~ —N , by choice of N, as pointing
I I r
into E.
Finally, given a hypersurface B in Vj:
B={x*: x* = x*(x4)}

define tangents and unit tangents respectively by

th= (gpa Ti'rﬁ)—”z Ti
The. define
Zup= guv tﬁ t;
g% s.t. g*P gpc = 8¢

tz — gb4 »

2. Derivation of the Boundary Conditions

The integrations used here are those given by Synge (1960). Retardation
isnot used in the integration of the field equations, so the resulting boundary
conditions apply only to time-independent systems. It is assumed that
Einstein’s Field Equation is to be solved in V, for some distributions of
matter, charge, current, and fields of polarisation. ¥, may be divided into
regions for this purpose. Within the regions, the metric and all material
fields are assumed to have sufficient differentiability. Between the regions,
there are hypersurfaces of discontinuity of the metric and material fields.
The boundary conditions on the electromagnetic fields are derived without
any assumptions about these discontinuities, except that they may exist.

The field equations in their most general form are:

Fpont?® =0 2.1
H* o um?'P = darJ¥ 2.2)
where 7#*#7 is the alternating tensor and
TH oo m'P7 = H¥ (2.3)
Fio=Hy +4nM,, 24
Fo=4,,— A4, (2.5)
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The conventions of Panofsky and Phillips (1962) are used, except that the
units are Gaussian. The equations hold throughout each region of V.

To find the conditions resulting from (2.1), select any V; with corre-
sponding ¢, V5, and n,. Then

[ Fpppton o d®o = § enF oy ty P9 d2p

¥a V2
=0 (2.6)
This holds for any V,. Selecting W, (and so V), and applying the limiting
processes in E and I, one has from (2.6)
[ P Nyt 721 d20 =0 @7
W2

This holds for any part of the selected W,, so that

(Fuw Npta "] =0 2.8)
To write this in terms of the potentials, use (2.5) in (2.6):
3‘5 €ndy, ufp ta PP d2y =0 2.9)
Vi

Now, ¥, is to be regarded as & U 7. The integral theorem then relates the
integrals over & and J to integrals round ¥, and the integrals round ¥,
from & and .# have opposite signs. Writing dx* along V; as dx* = Ltd'yp,
one has from (2.9)

§ [4,L4d v =0
Vi

Again this holds for any closed ¥, in W, so that
{4, L] =¥ L] (2.10)
for arbitrary scalars (#)y,, (F)w,.
E I

Before developing the conditions from (2.2), it is convenient to treat the
four-current J* under the limiting processes. The interpretation of the
treatment is given in Section 3. If J¥(x*) and t#(x*) are defined in a part
of V¥, that contains for example E, then define

J 0 =0, 1% = f%(x)
E E E

Lim ey j‘delv
E

E E

(I, t")w, = Lim E
EE W0 f d?p
W2

(2.11)
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and similarly for I except that (—ey) is used. It follows that

j‘ Lt"d?*v="Limey [ J,*d%0 (2.12)
W EE E EE E
2

and similarly for I. The (—ey) is used so that the right-hand side of (2.13)
below is the algebraic sum of I,¢¥ and I,¢, i.e. the net quantity on W,.
E E rr

Now, (2.2) gives
[H, Ntt'} =4x[l, "] (2.13)

in the same way as (2.1) gives (2.8). By using (2.4) and (2.5), one obtains
the alternative forms of (2.13)

[F,qu“tv] = [(Av,y - Ap.v)N“ tV]
=4a{l,t* + M, N*t"] (2.14)

3. Discussion of the Boundary Conditions

It is convenient to begin by setting up the relation between the classical
geometry and the space-time geometry used here.

Classically, there is a physical boundary B say, a two surface in space,
with normal N say. The classical boundary conditions are found by taking
elements of volume or area, which link the space on either side of B, and
collapsing them along N into elements of area or arc respectively on B.
In Section 2, there is a two surface W), with two normals N, and ¢,,, but the
limiting process effectively takes place along N,,.

Itis the correspondence between IV and N, which provides the connection
between the classical and covariant derivations.

In four space, the surface of a material body generates a time-like hyper-
surface B in V,, having a space-like normal. This is to be identified with
N,. Then, in each hypersurface of constant time and in comoving co-
ordinates, N, = —~(},0).

Now, for a given space- -like N, (i.e. for given N), there will be three
independent vectors ¢, in V, such that N,t#=0.Calltheset,,(4=1,2,4,
because one of them t,4, must be tlme-lxke) Thus, there will be three
independent W,’s for which pairs of N, 7,,, are the normals. They are
the three independent #,’s which can be constructed in B, N, is the normal
to B, and 7,,, are the tangents to B. The ¢, 4 include L .

Since 7,4 is time-like, the corresponding W, is space-like, and is an
element of the physical boundary B. The V; associated with ., is also
space-like, and forms the element of volume of classical theory (see Fig.
13i)).

The other two of 7, are space-like. The Wz correspondmg to each of
them contains space- hke and time-like directions, since N, is space-like,
whilst each ¥ is part of the history of a space-like two surface. In these
cases, W, at some instant forms the classical arc in B at that instant, whilst
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¥, forms the closed curve linking 8. There will be two independent arcs
in B corresponding to the two space-like ¢, 4 (see Fig. 2).

Next, the definition (2.11) of the surface current may be discussed.
Under Lim, the integral over E becomes an integral over the whole of W),

E
and the integrand becomes its induced value on W,. Thus
Limey | J,t"d?v
E £ E E
is the integrai over W, of the induced current on W;. To recover the induced
current itself, as a function of position on W,, namely the left-hand side

of (2.11), one forms the right-hand side of (2.11) and understands that W,
goes to zero area about the position in question on W,. There are three

Vo 2 §3 %l
} timelines.

: B attime =
P iatatie e — constant.
Yl
?N'u .7}1‘7*1-\\\/2 \Wz at time =
P T s constant.
B AN "o

V1 /\/3 N W, V2
Figure 2.—A. V; for which 1, is space-like.

t,’s in (2.11), for given N, so that, given J,, in some region of ¥, which
contains B, (2.11) defines the surface current vector induced on B:

IA = EIV t;]

where, for each A, the appropriate W, is understood. As a vector in ¥,
the surface current is given by

Iu = ]A t;}
so that

I,N"=0Q

as is necessary. However, the existence of I for a given J* and N* depends
upon there being suitable singularities in J* such that under Lim, Lim,

E I
and Lim W, — 0, the (J,1")y, exist over at least part of #,. As in the
classical case, this will be ensured if a surface current exists and if B is
chosen to coincide with the surface in which the current exists.

Now, the boundary conditions may be written as

[Fu Nyt g1 =0 (.1
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[H, NEtgl=dnl, 3.2)
or
(Fuo Nt = dnl, + 4n{M ,, NP1 ]] 3.3
and in terms of the potentials
(A, 4] =¥, 14] (3.4)
WAy~ Ay NE ) =4Anl, + 4n[M, N* 1] (3.5)

The discontinuity brackets still refer to the two surfaces in V. If 7, is used
in (3.1) to (3.5), then the classical clement of area is intended, but, if 4 = 1,
2, then the classical arcs arise only for time = constant.

As some examples, (3.1) for 4 = 4 gives

B .V == continuous
and for 4 =1, 2, gives
E x N = continuous

where B, E are the magnetic induction and electric intensity, respectively,
in the limit of flat space-time.

In (3.4), the right-hand side presumably corresponds to double layers
of current and charge, by analogy with the classical case. However, (3.4)
refers only to the tangential components

AA = AM tﬁ
of 4, on B. The normal component (of the discontinuity)
[An] = [en Au NH]

does not occur, and is set to zero by convention.
In (3.5), sufficient conditions for the terms

[A N# IA] [AN vtA AHNF;V t;]

to vanish are that {Ay]=[4,]=0 and that the first and second induced
fundamental forms on B be continuous:

[hAB] = [g;w TA 71;3] = O

(kap] =[N, Wiy T TE) =

(3.6)
(3.5) then reduces to
(A, N¥ 5] = dnl, + 4n[M,, N* 1] (3.7)

AV = ANNV + ABIE
is substituted in the left-hand side of (3.7), then
[AV;}IN# t;] = [AA,N + ANNV;,MNF t; + AB IVB;AAN'“ [;} (38)

where ¢ y=¢  N*. The first term in the right-hand side of (3.8) is the
classical normal derivative of the tangential components of the potential.
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Again, the normal derivative of the normal component does not occur and
is made continuous. The other two terms in the right-hand side of (3.8)
involve Ricci rotation coefficients of the boundary tetrad (N, ). These
do not vanish under (3.6) in a general V, so that (3.8) reveals a relativistic
interaction between the metric and the electromagnetic potentials.

A relativistic effect on the fields is contained in (3.1). If g =det|g,,| is
discontinuous across B, then (3.1) shows that the invariant components of
F, on N, t.,, are not by themselves continuous across B. This effect
vanishes under (3.6).
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